
Sympy

Äåðáûøåâà Ò.Í.

googleTalk: tatyderb@gmail.com

9 àïðåëÿ 2017 ã.

Ñîäåðæàíèå

1 Ãäå ðàáîòàòü? 2

1.1 Jupiter Notebook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Jupiter QTConsole . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Help 2

3 Import 2

3.1 Âûâîä êðàñèâî (â íà÷àëå ïèøåì) . . . . . . . . . . . . . . . . . . . . . . 3

4 ×èñëà â python 3

5 Ìàòåìàòè÷åñêèå êîíñòàíòû 4

6 Ñèìâîëû 4

6.1 Õàðàêòåðèñòèêè ñèìâîëîâ . . . . . . . . . . . . . . . . . . . . . . . . . . 5
6.2 Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
6.3 Âûðàæåíèÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
6.4 Ìàòåìàòè÷åñêèå ôóíêöèè . . . . . . . . . . . . . . . . . . . . . . . . . . 7

7 Ïîäñòàâëåíèå çíà÷åíèé è âû÷èñëåíèå âûðàæåíèé 7

8 Äåéñòâèÿ ñ âûðàæåíèÿìè 8

8.1 simpify - ïîïðîáóåì óïðîñèòü êàê-íèáóäü . . . . . . . . . . . . . . . . . . 8
8.2 Ñïîñîáû óïðîùåíèÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
8.3 expand - ðàñêðûòü ñêîáêè . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
8.4 factor, collect, combine - âûíåñòè çà ñêîáêè . . . . . . . . . . . . . . . . . 9

1



ÌÔÒÈ SymPy 2017

9 Ðåøåíèå óðàâíåíèé 9

9.1 Ïðîâåðêà ôóíêöèè è íàéäåííûõ êîðíåé . . . . . . . . . . . . . . . . . . 10
9.2 Ðåøåíèå ñèñòåì óðàâíåíèé . . . . . . . . . . . . . . . . . . . . . . . . . . 10

10 Ñàìîñòîÿòåëüíàÿ ðàáîòà 10

1 Ãäå ðàáîòàòü?

Óäîáíåå ðàáîòàòü òàê, ÷òîáû ìàòåìàòè÷åñêèå ñèìâîëû, íàïðèìåð,
√
2 ïîêàçûâàëèñü

êàê ìàòåìàòè÷åñêèå ñèìâîëû, à íå êàê sqrt(2)

1.1 Jupiter Notebook

Çàïóñòèòå Jupiter Notebook êàê ïðèëîæåíèå èëè çàïóñòèòå åãî èç êîìàíäíîé ñòðîêè

ipython notebook

Êàê ðàáîòàòü â òåòðàäè, íàïèñàíî â wiki

1.2 Jupiter QTConsole

Çàïóñòèòå Jupiter QTConsole êàê ïðèëîæåíèå èëè çàïóñòèòå åãî èç êîìàíäíîé ñòðîêè

ipython qtconsole

2 Help

help(èìÿ ôóíêöèè) # ïîêàæåò ñïðàâêó ïî ýòîé ôóíêöèè

3 Import

Â ïðèìåðàõ áóäåì ïðåäïîëàãàòü, ÷òî ìû èìïîðòèðîâàëè âñå ôóíêöèè èç ìîäóëÿ sympy.

from sympy import *

Ïî÷åìó òàê ëó÷øå íå ïèñàòü? Áèáëèîòåêè math, numpy, sympy (è äàëüøå ìû áóäåì

ó÷èòü äðóãèå áèáëèîòåêè) ìîãóò ñîäåðæàòü îäèíàêîâûå èìåíà ôóíêöèé. Íàïðèìåð,

ôóíêöèÿ sin ðàçíàÿ. Ýòî math.sin, numpy.sin, sympy.sin. Åñëè ìû ïèøåì â êîäå

sympy.sin(0) òî òî÷íî çíàåì êàêóþ ôóíêöèþ âûçûâàåì (èç áèáëèîòåêè sympy).

Åñëè ñäåëàåì:
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from sympy import *

from numpy import *

sin(0) # êàêîé sin èñïîëüçîâàëè? sympy.sin èëè numpy.sin ?

Ëó÷øå ïåðå÷èñëèòü âñå, ÷òî íóæíî èç áèáëèîòåêè:

from sympy import Symbol , symbols , sin , PI

sin(0)

3.1 Âûâîä êðàñèâî (â íà÷àëå ïèøåì)

init_printing - äëÿ êðàñèâîé ïå÷àòè ðåçóëüòàòîâ ìàòåìàòè÷åñêèìè ñèìâîëàìè (LaTeX)

4 ×èñëà â python

Â Python åñòü äâà òèïà äëÿ õðàíåíèÿ ÷èñåë int è float.

Ó int ðàáîòàåò öåëî÷èñëåííîå äåëåíèå (áåðåòñÿ öåëàÿ ÷àñòü ðåçóëüòàòà)

>>> type(3)

int

>>> type(3.14)

f l oa t

>>> 1//3

0

Âñòðîåííàÿ ôóíêöèÿ sqrt ìîæåò âû÷èñëèòü êâàäðàòíûé êîðåíü

>>> import math

>>> math.sqrt (9)

3.0

>>> math.sqrt (8)

2.82842712475

Èíîãäà äðîáè ïëîõî ñ÷èòàòü â float , íàïðèìåð, 1/3 + 2/3 ýòî 1. Íî åñëè

ïîñ÷èòàòü â âèäå äåñÿòè÷íûõ äðîáåé, òî ïîòåðÿåì òî÷íîñòü è íå ïîëó÷èì 1. Õî÷åòñÿ

ñ÷èòàòü òî÷íî è íå òåðÿòü êîðíè.

>>> import sympy

>>> sympy.sqrt (3)√
3 # sqrt (3)

>>> sympy.sqrt (8)

2
√
2 # 2*sqrt (2)
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Êàê îïðåäåëèòü äðîáü 1/3 â sympy?

Rational (1,3) # 1/3 êàê äðîáü

5 Ìàòåìàòè÷åñêèå êîíñòàíòû

Íå òîëüêî ôóíêöèè â ðàçíûõ áèáëèîòåêàõ èìåþò îäèíàêîâûå èìåíà, íî ðàçíûé ñìûñë.

Êîíñòàíòû â áèáëèîòêå sympy ñâîè. Íåëüçÿ ïóòàòü π èç áèáëèîòåê math, numpy

è sympy. numpy.pi - ýòî ÷èñëî, ïðèáëèçèòåëüíî ðàâíîå π, à â sympy.pi - ýòî

ñèìâîë. Î ñèìâîëàõ â sympy - äàëüøå.

sympy ìàòåìàòèêà

sympy.pi π
sympy.E E, ýêñïîíåíòà

sympy.I
√
−1

sympy.oo ∞ áåñêîíå÷íîñòü

6 Ñèìâîëû

Äàëüøå ñ÷èòàåì, ÷òî ó íàñ áûë from sympy import *

òî åñòü ðàáîòàþò âñå ôóíêöèè èç sympy

Â python íå íóæíî áûëî çàðàíåå îáúÿâëÿòü ïåðåìåííóþ. Ìîæíî áûëî ñðàçó åå

èñïîëüçîâàòü:

x = 3

Â sympy òàê íåëüçÿ:

>>> x + 1

Traceback (most recent call last):

...

NameError: name 'x' i s not defined

Íóæíî ñíà÷àëà ñäåëàòü ñèìâîëû, à ïîòîì ñ íèìè ðàáîòàòü.

Ôóíêöèè ñîçäàíèÿ ñèìâîëîâ:

ôóíêöèÿ ïðèìåð ÷òî äåëàåò

Symbol x = Symbol('x') îäèí ñèìâîë

symbols x,y,z = symbols('x y z') îäèí èëè ìíîãî ñèìâîëîâ

var x,y,z = var('x y z') îäèí èëè ìíîãî ãëîáàëüíûõ ñèìâîëîâ
Ïîëüçóéòåñü symbols äëÿ ñîçäàíèÿ ñèìâîëîâ

Íå ñîçäàâàéòå ñèìâîëû I, E, S, N, C, O, Q - îíè çàðåçåðâèðîâàíû.

Èìÿ ïåðåìåííîé íå îáÿçàòåëüíî äîëæíî ñîâïàäàòü:

>>> from sympy import var

>>> r, t, d = var('rate time short_life ')

4
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>>> d = r*t

>>> print(d)

rate*time

>>> r = 80

>>> t = 2

>>> print(d) # ìû íå èçìåíèëè d, òîëüêî r è t

rate*time

>>> d = r*t

>>> print(d) # ñåé÷àñ d èñïîëüçóåò àêòóàëüíîå çíà÷åíèå r è t

160

6.1 Õàðàêòåðèñòèêè ñèìâîëîâ

Ïðè ñîçäàíèè ìîæíî óêàçàòü äîïîëíèòåëüíóþ èíôîðìàöèþ î ñèìâîëå. Îò íåå ìîæåò

èçìåíÿòüñÿ ðåçóëüòàò âûðàæåíèÿ.

In [9]: x = sympy.Symbol("x")

In [10]: y = sympy.Symbol("y", positive=True) # íàçíà÷àåì ñâîéñòâî "ïîëîæèòåëüíîå"

In [11]: sympy.sqrt(x ** 2)

Out [11]:
√
x2

In [12]: sympy.sqrt(y ** 2)

Out [12]: y

In [12]: y.is_positive # ïðîâåðÿåì íàçíà÷åííûå ñâîéñòâà

Out [12]: True

Åùå ïðèìåð:

In [13]: n1 = sympy.Symbol("n")

In [14]: n2 = sympy.Symbol("n", integer=True)

In [15]: n3 = sympy.Symbol("n", odd=True)

In [16]: sympy.cos(n1 * pi)

Out [16]: cosπ ∗ n
In [17]: sympy.cos(n2 * pi)

Out [17]: (−1)n
In [18]: sympy.cos(n3 * pi)

Out [18]: -1

Ñâîéñòâî Ïðîâåðÿåì Îïèñàíèå

real, imaginary is_real, is_imaginary äåéñòâèòåëüíîå ÷èñëî èëè íåò

positive, negative is_positive, is_negative ïîëîæèòåëüíîå èëè îòðèöàòåëüíîå

integer is_integer öåëîå

odd, even is_odd, is_even íå÷åòíîå èëè ÷åòíîå öåëîå ÷èñëî

prime is_prime ïðîñòîå è öåëîå

finite, infinite is_finite, is_infinite êîíå÷íîå èëè áåñêîíå÷íîå
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6.2 Function

Ìîæíî îïðåäåëèòü îáúåêòû - ôóíêöèè. Äëÿ ýòîãî çàäàþò èìÿ ôóíêöèè è ñïèñîê ñèìâîëîâ

â àðãóìåíòàõ.

Ôóíêöèè íàì áóäóò íóæíû ïîçæå, â ïðîèçâîäíûõ.

In [41]: x, y, z = symbols("x, y, z")

In [42]: f = Function("f") # íåäîîïðåäåëèëè ôóíêöèþ , íåò àðãóìåíòîâ

In [43]: type(f)

Out [43]: sympy.core.function.UndefinedFunction

In [44]: f(x)

Out [44]: f (x)

In [45]: g = Function("g")(x, y, z) # ïîëíîñòüþ îïðåäåëèëè ôóíêöèþ

In [46]: g

Out [46]: g(x, y, z)

In [47]: g.free_symbols

Out [47]: {x, y, z}

6.3 Âûðàæåíèÿ

Ìîæíî çàïèñàòü íåñêîëüêî ïåðåìåííûõ â âûðàæåíèå. Ìîæíî ïðèäóìàòü ëþáîå èìÿ

âûðàæåíèþ, íàïðèìåð, expr èëè aaa.

>>> expr = 2*x + 3*x - sin(x) - 3*x + 42

>>> expr

2*x + 3*x - sin(x) - 3*x + 42

>>> aaa = x**2 + 2*x +1

>>> aaa

x**2 + 2*x +1

Åùå âûðàæåíèé

>>> expr = x + 2*y

>>> expr

x + 2*y

>>> expr + 1

x + 2*y + 1

>>> expr - x

2*y

>>> x*expr

x*(x + 2*y)

6
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6.4 Ìàòåìàòè÷åñêèå ôóíêöèè

sympy ìàòåìàòèêà

sqrt(x)
√
x

root(8,3) 3
√
8

root(x,3) 3
√
x

x**Rational(1,3) x
1
3

factorial(n) n!

sin(x) cos(x) tan(x) cot(x) sin, cos, tangence, cotangence

log(x) ln(x)

log(x,b) logb x

7 Ïîäñòàâëåíèå çíà÷åíèé è âû÷èñëåíèå âûðàæåíèé

subs - ïîäñòàâèòü çíà÷åíèå (ïîëó÷èòü âûðàæåíèå)

xreplace - ïîäñòàâèòü çíà÷åíèå (ìîæíî çàìåíÿòü âûðàæåíèå)

evalf, n, N - âû÷èñëèòü (ïîëó÷èòü ÷èñëî)

>>> expr = sin(x) + cos(y) # expr ýòî âûðàæåíèå sin(x) + cos(y)

>>> expr

sin(x) + cos(y)

>>> expr.subs({x:1, y:2}) # ïîäñòàâèì âìåñòî õ ÷èñëî 1, âìåñòî y ÷èñëî 2

sin(1) + cos(2) # âñå ðàâíî ó íàñ âûðàæåíèå , à íå ÷èñëî

>>> expr.subs({x:1, y:2}).n() # ïîäñòàâèì è âû÷èñëèì ïîëó÷åííîå âûðàæåíèå

0.425324148260754 # òåïåðü ÷èñëî

Èëè çàïèøåì ðåçóëüòàò ïîäñòàíîâêè â îòäåëüíîå âûðàæåíèå e1

>>> expr = sin(x) + cos(y) # expr ýòî âûðàæåíèå sin(x) + cos(y)

>>> expr

sin(x) + cos(y)

>>> e1 = expr.subs({x:1, y:2}) # e1 ýòî âûðàæåíèå sin(1) + cos(2)

>>> e1

sin(1) + cos(2)

>>> e1.n() # âû÷èñëèì âûðàæåíèå e1

0.425324148260754

Ñäåëàåì çàìåíó ïåðåìåííûõ:

>>> (x*y + z). xreplace ({x*y: pi})

z + pi

>>> (x*y*z). xreplace ({x*y: pi})

x*y*z

>>> (2*x). xreplace ({2*x: y, x: z})

y

>>> (2*2*x). xreplace ({2*x: y, x: z})

7
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4*z

>>> (x + y + 2). xreplace ({x + y: 2})

x + y + 2

>>> (x + 2 + exp(x + 2)). xreplace ({x + 2: y})

x + exp(y) + 2

8 Äåéñòâèÿ ñ âûðàæåíèÿìè

8.1 simpify - ïîïðîáóåì óïðîñèòü êàê-íèáóäü

simpify - ïûòàåòñÿ èçìåíèòü âûðàæåíèå; ïåðåáèðàåò ðàçíûå ìåòîäû

In [67]: expr = 2 * (x**2 - x) - x * (x + 1)

In [68]: expr

Out [68]: 2x2 − x(x+ 1)− 2x
In [69]: simplify(expr) # ôóíêöèÿ(âûðàæåíèå)

Out [69]: x(x− 3)
In [70]: expr.simplify () # âûðàæåíèå.ôóíêöèÿ ()

Out [70]: x(x− 3)
In [71]: expr # èñõîäíîå âûðàæåíèå íå èçìåíèëîñü

Out [71]: 2x2 − x(x+ 1)− 2x

Ìîæíî èñïîëüçîâàòü ÿâíûå ôóíêöèè óïðîùåíèÿ:

ôóíêöèÿ ÷òî äåëàåò

simplify ïåðåáèðàåò ðàçíûå ìåòîäû

trigsimp óïðîñòèòü, èñïîëüçóÿ òðèãîíîìåòðè÷åñêèå òîæäåñòâà

powsimp óïðîñòèòü, èñïîëüçóÿ ïðàâèëà ðàáîòû ñî ñòåïåíÿìè

compsimp óïðîñòèòü êîìáèíàòîðíîå âûðàæåíèå

ratsimp ïðèâåñòè ê îáùåìó çíàìåíàòåëþ

8.2 Ñïîñîáû óïðîùåíèÿ

sympy e1 e2 êàê íàçûâàåòñÿ

e2 = e1.expand() (x+ 1) ∗ (x+ 2) x2 + 3x+ 2 ðàñêðûòü ñêîáêè

e2 = e1.factor() x2 − 1 (x− 1)(x+ 1) ðàçëîæèòü íà ìíîæèòåëè

e2 = e1.collect(x) x+ y + x ∗ y ∗ z x(yz + 1) + y âûíåñòè õ çà ñêîáêó

e2 = apart(e1, x) 1
x2+3x+2

− 1
x+2

+ 1
x+1

ðàçëîæèòü íà ïðîñòåéøèå äðîáè

e2 = together(e1, x) 1
xy+y

+ 1
x+1

y+1
y(x+1)

ïðèâåñòè ê îáùåìó çíàìåíàòåëþ

e2 = cancel(e1, x) y
xy+y

1
x+1

ñîêðàòèòü äðîáü

8.3 expand - ðàñêðûòü ñêîáêè

8
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In [78]: expr = (x + 1) * (x + 2)

In [79]: expand(expr)

Out [79]: x2 + 3x+ 2

Ðàñêðîåì òðèãîíîìåòðè÷åñêèå ôóíêöèè trig=True:

In [80]: sin(x + y). expand(trig=True)

Out [80]: sin(x) cos(y) + sin(y) cos(x)

è ëîãàðèôìû log=True (çàìåòüòå, ìû ïðåäïîëàãàåì, ÷òî a è b - ïîëîæèòåëüíûå

÷èñëà):

In [81]: a, b = symbols("a, b", positive=True)

In [82]: log(a * b). expand(log=True)

Out [82]: log(a) + log(b)

8.4 factor, collect, combine - âûíåñòè çà ñêîáêè

In [86]: factor(x**2 - 1)

Out [86]: (x - 1)(x + 1)

In [87]: factor(x * cos(y) + sin(z) * x)

Out [87]: x(sin(x)+cos(y))

In [89]: expr = x + y + x * y * z

In [90]: expr.collect(x)

Out [90]: x (yz + 1) + y

In [91]: expr.collect(y)

Out [91]: x + y (xz + 1)

In [93]: expr = cos(x + y) + sin(x - y)

In [94]: expr.expand(trig=True). collect ([cos(x),sin(x)]). collect(cos(y) - sin(y))

Out [95]: (sin(x)+ cos(x))(-sin(y)+ cos(y))

9 Ðåøåíèå óðàâíåíèé

Äëÿ ðåøåíèÿ óðàâíåíèÿ f(x) = 0 èñïîëüçóéòå ôóíêöèþ solve

In [170]: x = sympy.Symbol("x")

In [171]: sympy.solve(x**2 + 2*x - 3)

Out [171]: [-3,1]

9
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9.1 Ïðîâåðêà ôóíêöèè è íàéäåííûõ êîðíåé

Íàäî ïðîâåðÿòü ïðàâèëüíî ëè ìû çàïèñàëè ôóíêöèþ è âåðíîå ëè ðåøåíèå óðàâíåíèÿ:

In [170]: x = sympy.Symbol("x")

In [171]: f = x**2 + 2*x - 3

In [172]: f

Out [172]: x2 + 2x− 3
In [173]: sols = sympy.solve(f)

In [174]: sols

Out [174]: [-3,1]

In [175]: for s in sols :

print(f.subs({x:s}).n())

0

0

9.2 Ðåøåíèå ñèñòåì óðàâíåíèé

Ñèñòåìà ìîæåò áûòü ëèíåéíîé è íåëèíåéíîé:

In [178]: eq1 = x + 2 * y � 1

...: eq2 = x - y + 1

In [179]: solve([eq1 , eq2], [x, y], dict =True)

Out [179]:
[{
x : −1

3 , y : 2
3

}]
In [180]: eq1 = x**2 - y

...: eq2 = y**2 - x

In [181]: sols = sympy.solve([eq1 , eq2], [x, y], dict =True)

In [182]: sols

Out [182]:

[
{x : 0, y : 0} , {x : 1, y : 1} ,

{
x :
(
−1

2 −
√
3i
2

)2
, y : −1

2 −
√
3i
2

}
,

{
x :
(
−1

2 +
√
3i
2

)2
, y : −1

2 +
√
3i
2

}]

10 Ñàìîñòîÿòåëüíàÿ ðàáîòà

Çàäà÷à Ñ.1. Ðàñêðîéòå ñêîáêè a(a+3)(a−3)(a+2). Âû÷èñëèòå çíà÷åíèå ïðè a =
2

Çàäà÷à Ñ.2. Ðàçëîæèòå íà ìíîæèòåëè a4 + 2a3 − 9a2 − 18a

Çàäà÷à Ñ.3. Íàéäèòå ôóíêöèþ f(g(h(x, y), z), t). Âû÷èñëèòå åå çíà÷åíèå ïðè x =
1, y = 2, z = 5, t = 2.1, åñëè

f(a, b) = sin(10 ∗ a+ b)

g(a, b) = b ∗ exp−a
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ÌÔÒÈ SymPy 2017

h(a, b) = a+ b

Îòâåò: sin(t+ 10z exp(−x− y)), -0.992440668403706

Çàäà÷à Ñ.4. Ðåøèòü óðàâíåíèå. Ïðîâåðèòü íàéäåííûå êîðíè.

√
x+ 1 = 3

Îòâåò: 8

Çàäà÷à Ñ.5. Ðåøèòü óðàâíåíèå. Ïðîâåðèòü íàéäåííûå êîðíè.

3
√
2x+ 3 = 1

Îòâåò: -1

Çàäà÷à Ñ.6. Ðåøèòü óðàâíåíèå. Ïðîâåðèòü íàéäåííûå êîðíè.√
4x+ 2

√
2x2 + 4 = x+ 2

Îòâåò: 0

Çàäà÷à Ñ.7. Ðåøèòü óðàâíåíèå îòíîñèòåëüíî õ. Ïðîâåðèòü íàéäåííûå êîðíè.

√
x− 2

√
x+ 1 = a

Îòâåò:
[
−1

2

√
4a2 + 9 + 1

2
, 1

2

√
4a2 + 9 + 1

2

]
Çàäà÷à Ñ.8. Ðåøèòü ñèñòåìó óðàâíåíèé. Ñèñòåìó âçÿòü ó ïðåïîäàâàòåëÿ.
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